Abstract: The problem of controlling a linear time-invariant (LTI) system subject to input and output delays by means of structurally constrained controllers is considered in this paper. Necessary and sufficient conditions are given to determine if a distinct mode of the system is fixed with respect to a decentralized or overlapping information flow structure. In general, a fixed mode of a time-delay system may not be fixed if the length of the delay varies. However, it is shown that a specific type of fixed modes remain fixed for any value of delay. Conditions are also provided to characterize this type of delay-independent fixed modes. The importance of the results obtained is illustrated by a numerical example.
INTRODUCTION
Distributed feedback control design for interconnected systems has been extensively studied in the past few decades, and several results have been reported in the literature (see, e.g., Siljak and Zecevic [2005] , Rotkowitz and Lall [2006] , and references therein). Recent applications of distributed control systems range from formation control of autonomous vehicles ] to automated highway systems [Horowitz and Varaiya, 2000 ] to communication networks [Moezzi et al., 2009] . In this type of problem, full output access in a local control station is often not feasible, and there are some constraints on the information flow between local controllers. This information flow is usually represented by a matrix, and in the special case when there is no information exchange between local controllers the corresponding matrix is block-diagonal. In this type of system, which is referred to as a decentralized control system, each local control agent only has access to the measurements of its corresponding subsystem for generating the local control signal [Davison and Chang, 1990] .
One of the most important results in decentralized control of finite dimensional linear time-invariant (LTI) systems was presented in Wang and Davison [1973] , where necessary and sufficient stability conditions were presented using the notion of a decentralized fixed mode (DFM). Algebraic characterization of DFMs was first presented in Anderson and Clements [1981] for strictly proper systems, and was then extended to the case of general proper systems in Davison and Chang [1990] . An algorithm was also provided in Davison and Chang [1990] to freely place the modes of the closed-loop system in the complex plane, using the class of finite-dimensional linear time-invariant (LTI) controllers. Different properties of DFMs have been investigated thoroughly in the past three decades. The concept of structurally fixed modes was introduced in Sezer and Siljak [1981] to identify those DFMs which are resulted from a perfect This work has been supported in part by the Natural Sciences and Engineering Research Council of Canada (NSERC) under Grant no. STPGP-364892-08, and in part by Motion Metrics International Corporation. matching of system parameters. The notion of a structured fixed mode was later defined in Ozguner and Davison [1985] , where it was shown that if a distinct nonzero DFM is unstructured, it can be shifted by means of a discrete-time decentralized controller. More recently, an efficient graph-theoretic approach was proposed in Lavaei and Aghdam [2007] to determine if a distinct mode of the system is a DFM.
In general, it may not be possible to achieve the desired control objectives using independent local controllers. Hence, it is sometimes necessary to establish information exchange between some of the control agents, and as a result the information flow matrix will no longer be block-diagonal. This type of control structure is widely used in real-world applications, and is often referred to as an overlapping control structure. Various properties and applications of overlapping control systems have been investigated in the literature in recent years [Stankovic et al., 2000 , Stipanovic et al., 2004 , Momeni and Aghdam, 2009 . In particular, stability and pole-assignability of finite-dimensional LTI systems by a finite-dimensional LTI overlapping controller have been studied in , using the notion of decentralized overlapping fixed modes (DOFM).
On the other hand, in large-scale interconnected systems, time delay often exists in input, output and state dynamics. It is known that delay in the system can lead to poor performance or even instability of the closed-loop system, if not considered in the modeling and controller design. The stability analysis and controller design for time-delay systems have been extensively studied for a number of years [Hale and Lunel, 1993 , Richard, 2003 , Gu et al., 2003 . However, most of the existing results are focused on centralized control systems. Recently, due to the growing interest in the applications of decentralized and overlapping control systems, the design of structurally constrained controllers for time-delay systems has been investigated and promising results are reported in the literature [Rotkowitz and Lall, 2006 , Chandra et al., 2009 , Bakule, 2008 , Momeni et al., 2010 . In , necessary and sufficient conditions for decentralized stabilizability of LTI systems subject to commensurate delays are provided. This is carried out by extending the concept of DFMs to µ-DFMs, which are those modes of the time-delay system which are fixed in the right side of the line Re{s}=µ. These conditions are later extended in Momeni et al. [2010] to the general case of multiple delays in the system dynamics.
In this paper, the problem of stabilizability of an LTI interconnected system subject to multiple delays in the input and output is considered, using a finite-dimensional LTI structurally constrained controller. The problem is first studied for the case of decentralized control structure, and is then extended to the general overlapping control structure. A new characterization for DFMs of the system is given which is computationally efficient compared to the ones given in Momeni et al. [2010] . Necessary and sufficient conditions are provided to identify if a distinct mode of the time-delay system is fixed with respect to a prescribed information flow structure. The notions of delayindependent decentralized fixed modes (DIDFM) and delayindependent decentralized overlapping fixed modes (DIDOFM) are subsequently introduced to characterize those fixed modes which remain fixed for all values of delay. An illustrative example is given to clarify the importance of the results.
The organization of this paper is as follows. In Section 2, the problem is formulated and some preliminaries are provided. The main results of the paper are presented in Section 3, where the conditions for stabilizability of the underlying system by finite-dimensional LTI structurally constrained controllers are given. A numerical example is provided in Section 4, which illustrates the importance of the proposed analysis. Finally, the results are summarized in Section 5.
PROBLEM FORMULATION
Notation 1. The set of real numbers is denoted by R. The Laplace transform of the time function f (t) is represented by F(s). Also, for any matrices A ∈ R m×n and B ∈ R p×q
The above notation is similarly used for more than two matrices. Notation 2. For convenience of notation, throughout this paper a variable with a bar on it represents the set of all integers from 1 to that variable. Furthermore, a variable with a bar and a subscript 0 represents the set of all integers from 0 to that variable. For example,ν := {1, 2, . . . , ν} andq 0 := {0, 1, . . . , q}.
Consider the following interconnected LTI system consisting of ν subsystems with multiple delays h 1 , h 2 , . . . , h q in the input and outpuṫ
where x(t) ∈ R n is the state, u i (t) ∈ R m i and y i (t) ∈ R p i are the input and output of the i-th local subsystem, respectively. The matrices A ∈ R n×n , B i,l ∈ R n×m i and C i,l ∈ R p i ×n (i ∈ν, l ∈q 0 ), are assumed to be real and constant.
Denote the modes of A with λ k , k ∈n, and assume λ k 's are distinct. Using a proper similarity transformation, (1) can be expressed aṡ
where
In this paper, it is desired to stabilize the system (2) by using a finite-dimensional LTI output feedback controller with a prescribed structure, e.g. decentralized or overlapping. In other words, the objective is to design a set of local controllers (one for each subsystem), which operate either independently (decentralized control) or with a partial information exchange (overlapping control). In the case of a decentralized control structure, each local controller can be expresses by
is the transfer function matrix of the local controller of the i-th subsystem. On the other hand, in an overlapping control structure each local input is generated by a control law which uses a pre-determined subset of outputs (this typically includes the corresponding local output). An information flow graph can be used to specify the information exchange structure between local controllers (which in fact determines the above-mentioned subset of outputs for each local input). Let the information flow graph be denoted by G(V, E), where V := {1, . . . , ν} represents the set of ν vertices, and E ⊂ V ×V represents the set of edges. Note that G is a directed graph (digraph) in which there is a directed edge from vertex j to vertex i if local controller i uses y j to generate its local input u i . For any i ∈ V , the set of all vertices in G from which there is an edge toward vertex i is denoted by N i . The local input signal for the i-th control agent in this control structure can be written as follows
where K i, j (s) represents the (i, j) element of the transfer function matrix of the overlapping controller, which in particular transfers the output of subsystem j to the input of subsystem i. Let N i be written as {π i 1 , . . . , π i χ i }, where χ i is the cardinality of N i . Definition 1. For any i ∈ν,
Furthermore, the matricesB(e −sh ) andC(e −sh ) are defined as
Using the notion of a decentralized fixed mode (DFM), a necessary and sufficient condition is presented in Wang and Davison [1973] for the stabilizability of a finite-dimensional LTI system under a decentralized controller consisting of local controllers of the form (4). A variation of this notion for timedelay systems is introduced in , and is mathematically defined in the sequel for a more general case.
Definition 2. Let K d denote the set of all block-diagonal matrices of the following form
The mode λ k , k ∈n, is a DFM of the system (2) if
Remark 1. Note that DFMs are invariant with respect to similarity transformation; i.e., DFMs of (1) and (2) are the same.
The following theorem, borrowed from Momeni et al. [2010] , expresses the decentralized stabilizability of system (2) in terms of its DFMs. Theorem 1. There exists a decentralized controller with local feedback law (4) which exponentially stabilizes system (2) if and only if the system has no DFM in the closed right halfplane.
The following theorem, also taken from Momeni et al. [2010] , can be used to characterize the DFMs of system (2). Theorem 2. The mode λ k , k ∈n, is a DFM of system (2) if and only if at least one of the following conditions holds
i) The mode λ k is not spectrally controllable, i.e.
ii) The mode λ k is not spectrally observable, i.e.
There exists a partition of the setν into non-empty disjoint subsets I 1 := {i 1 , . . . , i r } and
MAIN RESULTS

Decentralized stabilizability of interconnected systems with input/output delays
In this subsection, alternative necessary and sufficient conditions are presented for characterizing the DFMs of system (2). This paves the way for the characterization of the DFMs of an interconnected LTI system with input/output delays by means of graph theory. Notation 3. For any i ∈ν, denote the (η 1 , η 2 ) entry of the matricesB i (e −sh ) andC i (e −sh ) withb
(e −sh ), respectively. Theorem 3. Suppose that λ k , k ∈n, is a spectrally controllable and observable mode of system (2). Then, λ k is a DFM of the system if and only if there exists a partition of the setν into nonempty disjoint subsets I 1 := {i 1 , . . . , i r } and I 2 := {i r+1 , . . . , i ν } such that for any η ∈ I 1 , γ ∈ I 2 , α ∈m η (see Notation 2), and
Proof: The spectrally controllable and observable mode λ k , k ∈n, is a DFM of system (2) if and only if (10) is not full rank. Since the multiplicity of λ k as a mode of Λ is assumed to be 1, the rank of λ k I − Λ is n − 1. Thus, (10) is not full-rank if and only if a) all the entries on the k-th row and column of (10) are zero, and b) The rank of the following sub-matrix of (10)
ψ(e −λ k h ) 0 is less than n for any η ∈ I 1 , γ ∈ I 2 , α ∈m η , and β ∈p γ , whereΛ
Condition (a) is equivalent to condition (i) of the theorem. On the other hand, condition (b) holds if and only if the scalar ψ(e −λ k h )(
) is equal to zero, and it is straightforward to verify that this is equivalent to condition (ii) of the theorem. Remark 2. The mode λ k , k ∈n, is not a spectrally controllable mode for system (2) if and only ifb k,α i (e −λ k h ) = 0 for any i ∈ν and α ∈m i . Furthermore, λ i , i ∈n, is not a spectrally observable mode for system (2) if and only ifc β ,k i (e −λ k h ) = 0 for any i ∈ν and β ∈p i .
Using Theorem 3 and a procedure similar to the one presented in Lavaei and Aghdam [2007] (Algorithm 1), one can develop a graph-theoretic methodology to characterize the DFMs of the class of LTI interconnected systems with input/output delays. As mentioned in Lavaei and Aghdam [2007] , such a method can be computationally much more efficient than checking the conditions of Theorem 2. Remark 3. In general, DFMs of system (2) are delay-dependent, and one may be able to remove a DFM by adding more delay to the input/output. However, a certain class of DFMs is delayindependent, and it is of interest to characterize such modes.
In the sequel, the notion of DIDFM is introduced, and conditions are given under which a DFM is delay-independent. Definition 3. The mode λ k , k ∈n, is a delay-independent DFM (DIDFM) of system (2) if it is a DFM of the system for any finite value of h l , l ∈q. Notation 4. Denote the (η 1 , η 2 ) entry of the matricesB i,l and C i,l withb
, respectively, for any i ∈ν and l ∈q 0 .
Theorem 4. Suppose that λ k , k ∈n, is a spectrally controllable and observable mode of system (2). Then, λ k is a DIDFM of the system if and only if there exists a partition of the set ν into two non-empty disjoint subsets I 1 := {i 1 , . . . , i r } and I 2 := {i r+1 , . . . , i ν } such that for any η ∈ I 1 , γ ∈ I 2 , α ∈m η , β ∈p γ , and l,l ∈q 0
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Proof: Using Theorem 3, it is straightforward to show that the spectrally controllable and observable mode λ k , k ∈n, is a DIDFM of system (2) if and only if there exists a partition of the setν into non-empty disjoint subsets I 1 := {i 1 , . . . , i r } and I 2 := {i r+1 , . . . , i ν } such that for any η ∈ I 1 , γ ∈ I 2 , α ∈m η , β ∈p γ and any finite value of h l , l ∈q
Furthermore, it follows form Definition 1 that for any η ∈ I 1 , γ ∈ I 2 , α ∈m η , β ∈p γ and ρ ∈ñ
Now, one can conclude that the expressions in the left-hand side of (11) 
Similarly, it can be inferred that condition (b) holds for any finite value of h l , l ∈q, if and only if (ii) holds for any l,l ∈ q 0 . Remark 4. One can easily show that the mode λ k , k ∈n, is a delay-independent centralized fixed mode (DICFM) of system (2) if and only if at least one of the following conditions holds for any i ∈ν and l ∈q 0 :
β ,k i,l = 0, for any β ∈p i (note that a necessary and sufficient condition for λ k to be a DICFM of system (2) is that it is either uncontrollable or unobservable for any finite delay).
Overlapping stabilizability of interconnected systems with input/output delays
In this subsection, the results obtained so far are extended to the case of overlapping control systems. Definition 4. Given the information flow graph G, construct the following interconnected LTI model
whereČ i,l , i ∈ν and l ∈q 0 , is defined aš
It is to be noted thaty i ∈ R µ i , where µ i is given by
The following lemma presents necessary and sufficient conditions for the stabilizability of system (2) under a controller with the prescribed overlapping structure. Lemma 1. There exist an overlapping controller with the information flow graph G and local feedback controllers of the form (5) to exponentially stabilize the system (2) if and only if there exists a decentralized controller with local feedback controllers of the form (4) to exponentially stabilize the system (12).
Proof: Suppose an overlapping controller exists with local feedback controllers of the form (5) that exponentially stabilizes the system (2). In this case, local control input of subsystem i in the Laplace domain is as follows
On the other hand, it follows from the definition ofČ i (e −sh ) that
Therefore, u i (s) can be written as
and it is implied that a decentralized controller with local dynamic feedback gainǨ i,i (s) exponentially stabilizes the system (12). The proof of necessity can be carried out similarly. Definition 5. LetK denote the set of all matrices whose
The mode λ k , k ∈n, is called a decentralized overlapping fixed mode (DOFM) of system (2) if
Lemma 2. The mode λ k , k ∈n, is a DOFM of system (2) if and only if it is a DFM of system (12).
Proof: Consider a matrixK ∈K, and denote its (η 1 , η 2 ) block entry withK η 1 ,η 2 , η 1 , η 2 ∈ν. Then
On the other hand, for any i ∈ν
whereǨ
From (20)- (22), one arrives at
DefineǨ as the set of all matrices which are structurally equivalent to (24) [Sezer and Siljak, 1981] . Then the equality (19) holds if and only if for anyǨ ∈Ǩ
This completes the proof.
The following theorem expresses the stabilizability of system (2) with respect to a given overlapping control structure in terms of the notion of DOFM. Theorem 5. There exists an overlapping controller with the information flow graph G and local feedback controllers of the from (5) which exponentially stabilizes system (2) if and only if any unstable mode of the system is not a DOFM.
Proof: The proof follows immediately from Lemmas 1, 2 and Theorem 1.
and denote its (η 1 , η 2 ) entry withM η 1 ,η 2 k ∈ R µ η 1 ×m η 2 for any η 1 , η 2 ∈ν. In the next corollary, simple conditions are provided for the existence of a DOFM in the case when the mode is controllable and observable. Corollary 1. Suppose that λ k , k ∈n is a spectrally controllable and observable mode. Then, λ k is a DOFM of system (2) if and only if there exists a partition of the setν into non-empty disjoint subsets I 1 := {i 1 , . . . , i r } and I 2 := {i r+1 , . . . , i ν } such that for any η ∈ I 1 , γ ∈ I 2 , α ∈m η , and β ∈p γ
Proof: The proof follows directly from Lemma 2 and Theorem 3. Remark 5. One can define the notion of a delay-independent DOFM, analogously to the definition of a DIDFM. Then, some criteria similar to the ones in Theorem 4 can be derived to identify the delay-independent DOFMs.
ILLUSTRATIVE EXAMPLE
Consider an interconnected system consisting of two subsystems given beloẇ ,
Using Remark 2, it is easy to verify that all three modes λ 1 = 1, λ 2 = 2 and λ 3 = 3 of the system are spectrally controllable and observable for any h ≥ 0. First, let h = log(2), where log(.) is the natural logarithm. It follows from Theorem 3 that for this value of delay, λ 1 is a DFM of the system (26). This means that the system has an unstable DFM, and hence, according to Theorem 1 it cannot be stabilized using any decentralized controller with local output feedback of the form (4). Similarly, it follows from the same theorem that λ 2 is a DFM of the system (26) as well. However, according to Theorem 3, λ 3 is not a DFM of the system for any h ≥ 0.
Assume now that h = 2. It is concluded from Theorem 3 that λ 1 is no longer a DFM for this value of delay, but λ 2 is. In fact, Theorem 4 confirms that λ 2 is a DIDFM of this system (it satisfies the conditions of Theorem 4 for I 1 = {2} and I 2 = {1}).
Consider now an overlapping information flow structure where u 1 is constructed by using y 1 and y 2 , but u 2 only uses y 2 . In this case, the information flow matrix has the following form
It follows from Corollary 1 that λ 2 is not a DOFM of the system for h = 2. Hence, an LTI overlapping controller with the above information flow structure can be obtained to stabilize the system (26) for h = 2.
CONCLUSIONS
This paper deals with the control of linear time-invariant (LTI) systems subject to input and output delays. Both decentralized and overlapping information flow structures are considered. Necessary and sufficient conditions are given to determine if a distinct mode of the system is fixed with respect to a prespecified information flow structure. Algebraic conditions are presented to characterize decentralized fixed modes (DFM) and decentralized overlapping fixed modes (DOFM). Necessary and sufficient conditions are also provided to determine if a DFM or DOFM is delay-independent; i.e., it is fixed independently of the length of the delay. Using the notions of DFMs and DOFMs, necessary and sufficient conditions are given for the stabilizability of the underlying system under a structurally constrained finite dimensional LTI controller. A numerical example is presented which confirms the theoretical results for two different scenarios.
